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ON J-CONVEXITY AND SOME ERGODIC SUPER-PROPERTIES
OF BANACH SPACES
BY
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ABSTRACT. Given two Banach spaces FI and X|| |I, write F fr X iff
for each finite-dimensional subspace F’' of F and each number e > 0, there
is an isomorphism V of F' into X such that ||Ix|—liVxli| < e for each x
in the unit ball of F'. Given a property P of Banach spaces, X is called super-
P iff Ffr X implies F is P. Ergodicity and stability were defined in our arti-
cles On B-convex Banach spaces, Math. Systems Theory 7 (1974), 294-299, and
C. R. Acad. Sci. Paris Ser. A 275 (1972), 993, where it is shown that super-ergodicity
and super-stability are equivalent to super-reflexivity introduced by R. C. James
[Canad. J. Math. 24 (1972), 896—904]. Q-ergodicity is defined, and it is proved
that super-Q-ergodicity is another property equivalent with super-reflexivity. A
new proof is given of the theorem that J-spaces are reflexive [Schaffer-Sundaresan,
Math. Ann. 184 (1970), 163—168). It is shown that if a Banach space X is B-
convex, then each bounded sequence in X contains a subsequence (y,) such
that the Cesiro averages of (— l)iyi converge to zero.

Given two Banach spaces FI| and X|| |l, F is said to be finitely represent-

able in X, in symbols F fr X, iff for each finite-dimensional subspace F' of F
and each number € > 0, there is an isomorphism V of F' into X such that
I1x] = I¥x]l| <€ for each x in the unit ball of F'. Given a property P of
Banach spaces, we say that X is superP iff F fr X implies that F has the
property P. Super-reflexive spaces were introduced by James [12], [13]; the re-
sult announced in [4] but implicit in the earlier paper [3] is that the following
super-properties are equivalent: Super-ergodicity, super-reflexivity, super-Banach-
Saks, super-stability. Here we define Q-ergodicity, a notion in appearance weaker
than ergodicity, and prove that super-Q-ergodicity is another property equivalent
with super-reflexivity. At the same time we give a new proof of James’s theorem
[10] that (2, €)-convex spaces are reflexive, and more generally of the recent re-
sults of Schaffer-Sundaresan [19], that J-spaces are reflexive. We also show that
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B-convex spaces are alternate signs Banach-Saks: Each bounded sequence contains a
subsequence (y,) such that the Cesdro averages of (— iy ; converge to zero.

1. Preliminaries. Let X be an arbitrary Banach space with norm || ]|. An
isometry (contraction) is a linear map T: X — X such that ||Tx|| = || x|
(I Txll < lixll) for each x C X. The Cesdro averages (1/n)(T® ++++ + 17" 1)
are denoted by A4, or A,(T). The following simple result seems new.

ProPosITION 1.1. If T is a contraction on a Banach space X then for
each x € X the limit of 1A,x|l exists.

PROOF. Let x €X and set a = lim inf||4,x||. It suffices to show that,
for each 6 >0,

(1.1) lim sup[l4, x|l <a +38.

Given a & > 0, choose a fixed integer N such that [|[Ayxl| <a+6. If
m and n are positive integers, mN <n < (m + 1)N, then as m — o

12) 4,5 — Al = 0.

Therefore it suffices to prove that limsup, |4, yxll <a+86. IITI<1 implies
that |T"NAyx|l <a+ 8 foreach j. Hence for each m

(1.3) A4, (T)xll = 14,,(TY ) A (T)xll < + 8.

This proves that lim||A4,x|| exists. It is easy to see that this limit, considered as
a function of x,is a seminorm. O

Note that applying the proposition to the space of bounded operators on X
one obtains: for each contraction T, lim||4,(T)|l exists.

We will now define Q-ergodicity. Let S be the space of all sequences
a= (ai)-=,'2,.,. such that ¢; = 0 but all but finitely many i’s. Assuming T
fixed, set, foreach x €X and a4 €S,

O(x;a;ny,ny,ov0)

(1.4

= "alAnlx + azAnzTnlx + aaAn3Tnl+n2x 4 oo ",

1.5) L(x, a) = lim sup Q(x;a; ny,ny, * ),  n=inf(n,).

n—>oo
The lim sup above becomes limit if a is one-dimensional (by Proposition 1.1),
or if the norm is “invariant under spreading of the sequence T"x” (see Propo-
sition 2.2 below).

Let r be an integer =2 and € a number, 0 < e < 1/r. The space X
is called (r, €)ergodic iff for each isometry T, each x € X, any r elements
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a',+++,a" of S suchthat L(x, ¢‘) <1, one has

(1.6) min L(x,a' +a? + o+ +d* - a1 —g*¥*2 _ o _ <1 —6).
1<k<r
X is called Q-ergodic, or qualitatively ergodic, iff it is ergodic for some r and e.
We recall that X is called ergodic (for isometries) iff lim 4, x exists for each iso-
metry T and each x €X. We now will show that if X is ergodic, then it is (7, €)-er-
godic for each r and e. It is known and easy to see that the ergodic theorem for T
implies that, for each x, lim, 4, T'x exists uniformly in j. (Apply, e.g., the de-
composition theorem [6, p. 662] ; uniform in j converges to the limit is obvious
for a T-invariant x,and also for an x of the form x =y — Ty.) Let X =lim 4,x,
a = (a! ), o= Eia{ [Ix]l. If T is ergodic then the jth summand in (1.4) converges
to aj)_c, hence (1.6) follows from the inequality

min la, toay +ecetoy om0 I<@— l)suplail
1<k<r i

an <r(l—é),

easy to verify by induction on r.
A Banach space X is called J-(r, €)-convex, where r=2, 0<e<1, iff for
each rtuple (x,,***,x,) of elements of the unit ball U, of X one has

1.8) min Jx; +eeetxp—x - —xl<rl-e.
1<k<r

X is called J-convex iff it is Jr, €)-convex for some r and e. It
follows from a recent unpublished result of R. C. James [13] that J-convexity
is a properly stronger notion than B-convexity introduced in [2]; cf. §3 below.
It is easy to see that J-(r, €)-convexity, hence J-convexity, are super-properties;
ie., if X enjoys them, so does every space finitely representable in X. It has
been proven by Schaffer-Sunderasan [19], and will be again shown below, that
J-convex spaces are reflexive; hence, as already noted in [14], super-reflexive.
Since the ergodic theorem holds for reflexive spaces, it follows that J-convex
spaces are ergodic. It would be perhaps of interest to give a direct proof of this
result; here we only point out that J-(2, €)-convexity easily implies the relation:
(1.9) lim supll 4,,(T)x — A,(T)xll < 2(1 — €)lim||4,,(T)xI

n,p—+o
for each contraction T on X and each x € X: Note that for any fixed positive
integers i, V, m one has the identities

(1.10) Ay = ATV [ Uy + T4,
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lm—l X
1.11) Ay~ Apy = Y (A4y - TN4p).
i=1

Let x €X; lim||4, x|l = a exists by Proposition 1.1. Select a fixed number 8§,
0<8 <eaf(2 — €). Choose a fixed N so large that

1.12) MAy Xl —al <8, k=0,1,¢--.
Since ||ITlI <1, either for some integer i

1.13) NApx + TV Apxll <201 — €)(a + 0),

or for all i

(1.14) NAyx — TN Auxll < 2(1 - €)(a + 5).

In the first case (1.10) implies || 4,,yxll < (1 — €)(a + §), which contradicts
(1.12). Therefore (1.14) must hold for all i, and (1.11) implies || 4yx — A, pxll
<2(1 —e)(a +8) forall m. Since § may be chosen arbitrarily small, (1.2)
now implies (1.9).

2. Ergodic super-properties. A Banach space X with norm || || is given.
A bounded sequence (x,) in X is called stable iff there is an element X such
that

@.1) lim

n

1 & -

i=1

uniformly in the set K of all strictly increasing sequences (k,) of natural num-
bers. Actually, the uniformity is an easy consequence of convergence for all (k,,)
€ K. A Banach space is called stable iff every bounded sequence contains a
stable subsequence; Banach-Saks iff every bounded sequence contains a subse-
quence which converges Cesdro. Professor Paul Erdos has recently informed us
that he had shown jointly with Professor M. Magidor that every space which is
Banach-Saks is also stable, the proof being based on the combinatorial fact that
every analytic set is Ramsey [20].

We now return to the setting of our papers [3], [4], in which we have
attempted to connect ergodic properties of X with stability, or the Banach-Saks
property. We have at first asked the following question: Does an arbitrary
bounded sequence (x,) in X admit a subsequence (e,) such that the shift T
on (e,) is defined and power-bounded? (By a shift on (e,) we understand an
operator T satisfying Te, =e,,, forall n,and acting on the space spanned
by the e,’s.) If the answer to this question had been positive, it would follow at
once that the ergodic theorem (power-bounded version) for X and its subspaces
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implies the Banach-Saks property—therefore the answer is negative, since there are
reflexive spaces which are not Banach-Saks (Baernstein [1]). This showed the
need to change the norm. Denoting the space spanned by (e,) and a new norm
|| by F,we could obtain [3] that the shift on (e,) be an isometry, and yet

|| besocloseto || || that the ergodic theorem for T on F implies that (e,)
contains a stable subsequence in X, and F fr X. The implication announced in
[4], super-ergodic = super-stable, follows. We recapitulate the construction of
(e,) and F. § is the space of all sequences a = (), 5 ... With ¢, =0 for
all but finitely many i. We have

PROPOSITION 2.1 (PROPOSITION 1 OF [3]). Each bounded sequence (x,,)
in X contains a subsequence (e,) with the following property: For each a €
S there exists a number L(a) such that || Eaienill — L(a) as the sequences
(ny), (ny), =+ converge to = so that ny <n, < -+ .

Now fix (x,) and let (e,) be a subsequence of (x,) satisfying the con-
ditions of the above proposition. Let ¢(S) be the space of linear combinations
Zase;, a€S. Asshown in [3], we may assume without loss of generality that
the e,’s are algebraically independent in X, and that |Zag;e;| defined as
equal to L(g) is a norm on ¢(S). We denote by F the completion of ¢(S)
in this norm. We now show that F fr X: If F'is an n-dimensional subspace of
F, F' is topologically isomorphic to (l"), hence we commit a negligible error
assuming that F' is generated by e;, -+ ,e, for m large. Let the same
vectors in X generate a subspace H. Set S, = T": H— X. Then ||S,x|| —
Ix| on H implies M = sup,||S,|l <e (uniform boundedness principle), hence
[l T"x|l — |x| uniformly on compacts of H; therefore uniformly on U.’. Indeed,
if Y= {y;} isa finite §-net in a compact C C H, then [[|T"x|| - |x|| <&
on Y implies that |||IT"x|| — |x|| <8 + 26M on C. To see this, note that if
lIx — yl <& then

HT™xl = X L T = 0T 00+ W0 = 1y + Uyl 11x) -

SM+ M.

The relation F fr X was already implicitly used in Lemma 6 [3] and in
[4]. Parting from F we now propose to introduce a new norm ! ! on (e,),
with properties even more pleasing than | |; the space G generated by (e,,),
! ! will still be finitely representable in X. The main virtue of | | (not included
in isometric character of the shift 7) may be described as invariance under
spreading, or (IS) property: The norm of any finite combination of the e,’s
remains the same when the vectors are shifted, even though their mutual distances
(but not positions) may change. This property, formally stated in [3, Lemma 1],
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is an immediate consequence of Proposition 2.1. The norm ! ! will inherit from
|| the (IS) property, but will also be equal signs additive, in short of type (ESA):
In computing the norm of any finite linear combination of the e;’s, consecutive
terms of equal sign may be combined. Formally, for any vector x =a,e; + -
+a,e,, any integers k,p suchthat 1<k<p<gq and 4,20 for k<i<
D, one has

k=1
22 Ix! =' > oaet @t ta)e + Zq: a;e; ).
‘i=1 i=p+1 .

It is easy to see that it suffices to verify (2.2) for all k¥ and p such that p — k
=1.

We now let A4,(T) act on the e,’s spread so that different averages have dis-
joint support. More precisely, given a fixed a = (¢;) €S with ¢, =0 for i>g,
we define

Py, ccc,ngisy,00e ,sq)=alA,,lesl + oo +annqesq,

(2.3)

$;>0, 5,28 Fny, v, 8,28, tng g
Invariance of || under spreading implies that the F-norm of the first expression
in (2.3) does not depend upon the choice of the s,’s; therefore this norm will be

denoted by Q(ny,**-, nq), or Qeysa;my, ** ,ng).

PROPOSITION 22. For each x =a,e; + *+* +a e, in S), the limit
of Qleysasny, =, nq) as inf(n;) converges to infinity exists. This limit,
denoted 'x!, is a seminorm on (S).

PrRoOOF. The invariance of || under spreading implies that for any fixed

positive integers Ny, << ,Nysmy,*<° ,m,

2.4) O(m, Ny, ++ ,mN)<QWVy, +++ ,N,).

The particular case of (2.4) where m; =1 for i=2,+++,q is obtained by
taking the Cesdro average of

kN
a, T + oot
P(a, Ay e T aAy e, anqu_‘.q)

for k=0,1,°+*,m; -1,

since s, >s; + myN,, s;=s;,_, + N; for i=3,-++,q implies that each
term has the norm = Q(V,, *++ , N;). An obvious induction argument, again
using invariance under spreading of | |, establishes (2.4). We denote by o (8) the
limit inferior (limit superior) of Q(n,, -+ ,n,) as n; converge independently
to infinity. To prove the proposition, it suffices to show that, for each & > 0,
B<a+§. Choose N,***,N, fixed such that Oy, - ,Nq) <a+3d;
(2.4) implies Q(m,N,,*** ,mN,)<a+ b forall m;. A computation anal-
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ogous to (1.2) shows that if m,N; <n, <(m; + 1)N; for all i, then

2.5) lij;‘if}:le(mev cee,mgNy) = 0@y, 00, ng)l = 0.

B<a+ 3§ follows. Finally, it is easy to see that !! is a seminorm on ¢(S).

LEMMA 2.1. The seminorm !! is of type (ESA) on the e,’s.

Proor. We verify (2.2) assuming, as we may, that p =k + 1. Since !!
is a continuous function of coefficients a;, we further may suppose that a,/a, . ,
is a rational number, and write @, = ar, a;,, = as, where r, s are positive
integers. Then for all integers m > 0, ¢ = 0, one has

(2.6) Ayl t @1 Ay Cmrse = @ F a5y ) Ay a8

The relation (2.5) is now applied, with m, =m, ., =m, N, =r, Ny, =s
to compute !x!,and with N; =r+s and m, =m to compute the right-hand
side of (2.2) which is thus established. O

LEMMA 22. If le, —e,! =0 then (e,) admits a subsequence stable
in X.

PrROOF. le; —e,! =0 implies that

(4,6, —A,€;,,1—0 and |A4,e, —A,e,,,—0 as npr— o

Choosing r so that r/(n + p) — oo, we have that [4,e,,, — 4,¢, +p| — 0;
therefore by the triangular inequality the sequence A,e, is Cauchy in F.
Proposition 3 [3] is now applicable. O

Since we wish to prove that the space X is stable, we only need to con-
sider the case when !e, —e,! > 0; then !! may be easily seen to be a norm
on ¢S): If 'Z7  a,e!=0,then laje; +aze; + -+ +a,,6,,!=0
and also !aje, +azey + -+ +a,,e,,,!=0;hence la;(e, —e,))! =0
which implies @; = 0. Similarly one shows that a, =0, -, a, = 0. Denote
by G the completion of ¢(S) in this norm.

We show that G is finitely representable in F, hence in X. Let G’ be a
finite-dimensional subspace of G; we may assume that G’ is generated by e 1

ey, ,e. Let V= an’..,,nq map each vector a,e; + -+ +aze, onto
n nyteectn
0,4, €1 +ay4,,T le, + oo +an,,qT ! a-le,.

Then for all x € Uy, by Proposition 2.2 |!x! — | Vx|| is small if ny, -~ ,
n, arelarge. G fr F easily follows (see the proof of F fr X above).
Define a seminorm M on S by
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2.7 M@) = 'a;(e, — e,) +ay(e; —e;) +azles —eg) + oo L.
REMARK. The proofs of the following Lemma 2.3 and Proposition 2.3 use
only the (IS) property of the norm. Thus they remain valid with || replacing

1,

LemMmA 23. M(a) = M(b) if for each i, a;b; 20 and |a;}| > |b;l. Hence
M is orthogondl, i.e., M(a) > M@*), M(@) = M(a~), where a* is a sequence
@}), a= the sequence (aj).

ProoF. The invariance under spreading of || implies that for each j,
each n,

28) M@)="'y +afe,;_, —ey) tz! ="y ta;(ey; — eyy,) +2!

=cee=1ly +ai(e2,-_,+,, - esn) t z!
where

oo

j-1
29) y=2 gley_,—¢€) z= ‘ %1 4;(€214n—1 — €2i4n)
i=1 =

(Since 2 €S, z has only finitely many summands.) Summing the n + 1 ex-
pressions inside !! in (2.8) and dividing by n + 1, one obtains

Let n — oo;it follows that M(a) > M(a'), where a; =0, a;=a; for i #}j.
The lemma is proved, because M is a convex function of coordinates.
PROPOSITION 23. If G does not contain an isomorphic copy of c¢,, then
(2.10) li'rl'rl!el—e2+e3—e4+---+e2,,_,—e2n!=°°.
PROOF. Set u, =e,, , —e,,;let G' be the subspace of G generated
by the u;’s. Write M(Za,u;) = M(a) for a € S; extended to G', M is a norm

coinciding with !!. Let lal =a* +a~, N(@) = M(lal), N(y) =N@) if y =
Zau;, a €S. N@) <M@*)+ M@ ) <2M(@@) by Lemma 2.3. Therefore

(2.11) ¥ N(@) < M(@a) < N(a).

Extended to G', N is a norm equivalent with M. This observation will be
useful in §3 below. Now if (2.10) fails, Lemma 2.3 gives a 8 such that, for all
n,

and also shows that M(a*) <p - sup(lg;)), M(@™) <B sup(lq,l), M(@) <
28 sup(lg;l). Also, M(a) > 'ae,;_y — €)' = lajl(e; — e,), so that M(a) »
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(supla;l)!e, — e,!. Thus G’ is a subspace of G that is isomorphic to c¢,.
ProposITION 24. If (2.10) holds, then G is not J-convex.

ProOF. We show that G is not J-(r, €)-convex by first giving a detailed
and “graphic” proof of the case r = 2, then a brief proof of the general case.
Set

Up =€ —€3 +'”+edn-3 —€4n-1 ’
w,= te —egteect €an—2 — €3p-

We have !v,!=!w,!='v, + w,!/2, the last equality by (ESA). To prove that
G is not J-(2, €)-convex, it will suffice to prove that v, — w,!/2!v,! conver-
ges to 1. This follows from (2.10) because

W, —w,!=le, —(e, +e;)+ (e, +eg)—---

—(€an-2 T €an_1) + (s, +€a4ns1) — €ansi!
2—le ! +2W,! - ey, !
We now show, by essentially the same argument, that G is not J-(r, €)-
convex, where r =2 is arbitrary. Setfor j=1,2,°+- ,r;n=1,2,°°-,
(13)  vi=e ey, eyt Heran_2)r — Er2n—1)r-

Then v/ = v}! for each j. In the expression d% = v} +v2 + -+ + 0% —vf*! ...
— v}, the terms are arranged as follows: First write S, =e, +e, + <+ + ¢.
Then (2n — 1) terms grouped so that 7 consecutive e;’s with — sign alter-
nate with r consecutive e;s with + sign:

Sy=—(egsr texyat ooty )t (epyppr v oo tegyy)—o0

FCrarm-2yr+1 T F ooy
S, is composed of the remaining r — k terms of df. Then lim,!S;!/rlv}!=
0 for i=1,3;=1 for i=2. Hence lim,!d¥!rivlt=1 foreach k=1,
2, *++ ,r. The proposition is proved.
Now assume that X is J-convex; thensois G and G cannot contain an
isomorphic copy of ¢, (cf. [10] or [8], where this is proved for B-convex
spaces). Propositions 2.3 and 2.4 and Lemma 2.2 now imply the following theorem:

THEOREM 2.1. A J-convex Banach space is stable (hence super-stable).
THEOREM 2.2. A super-Q-ergodic Banach space is super-stable.

Proor. If X is super-Q-ergodic then G is Q-ergodic, and the proof of
Proposition 2.4 yields a contradiction. Lemma 2.2 now implies that (x,) has a
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subsequence stable in Xj since (x,) is arbitrary, it follows that X is stable.
Thus super-Q-ergodicity implies stability; it implies super-stability because the re-
lation “fr” is transitive. O

Since a Banach-Saks space, and a fortiori a stable space, is easily seen to be
reflexive (cf. [17]), the argument above provides a new proof that J-convex spaces
are reflexive. We finally observe that in the course of the proof of Theorem 2.1
we establish the following: Any sequence (x,)) admits a subsequence (e,) such
that the sequence (e,,_, — e,,) is an unconditional basis for the IS norm ||,
finitely representable in Il l. (Because an orthogonal norm is unconditional, and,
as observed above, the proofs of Proposition 2.3 and Lemma 2.3 are valid for the
norm || aswellas !!)

3. Alternate signs Banach-Saks property. A Banach space X is called
(, €)convex iff for any r elements x,,<++,x, in Uy there is a sequence of
signs 0,,+++,0, suchthat (1/r)(o,x, + <++ +0,x,) <1 —e. ABanach
space is called B-convex iff it is (r, €)-convex for some integer r and some € > 0.

THEOREM 3.1. Every bounded sequence (x,) in a B-convex Banach space
admits a subsequence (y,) such that

(3.1) ﬁ: (- Dy, —o.
=1

S|

ProOF. We may assume that (x,) is not stable, since otherwise (y,)
satisfying (3.1) may be obtained as a union of two stable subsequences of (x,,).
Let F' be the subspace of F generated by u, =e, —e,, U, =€3 —e€4,*** .
If X is B-convex, then so is F' and therefore, as it is easy to see, there exists
a sequence of signs (g, such that

(32) hm inf| 1 Z o u;|=
The proof of (3.2) is only sketched since the argument is known. We may assume
lul <1 forall i Let X be (r, €)-convex. First choose signs o} =+, 03,

0}, so that if yk=r‘12{3{‘§_k,o,u,,then |y l<1—€ for k=0,1,

««+ . Second choose signs 0} = +, 02, 03, + ++ so that if z, =
rizrtkr Loy, then Iz, < (1 —€)? for k=0,1,+++. Next take
Cesdro averages of successive r-tuples of 03 z;, where o? are appropriate signs,
etc. This procedure yields a sequence of signs o, satisfying (3.2).
As already observed, the proofs of Lemma 2.3 and Proposition 2.3, in
particular (2.11), use only the (IS) property of the norm, hence remain valid
with || replacing !!. Therefore (3.2) remains valid when all the o;’s are re-

placed by the sign +. Proposition 1.1 with — T replacing T now implies that
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n~u 1 +°+° +u,) converges to zero in F. The proof of Proposition 3 [3]
remains valid if (u,) replaces (e,); hence the sequence (u,) contains a subse-
quence stable in X. This proves (3.1). O

Applying the theorem that every analytic (or only Borel) set is Ramsey (cf.
the remarks in the beginning of §2), one may strengthen Theorem 3.1 to read:
Every bounded sequence (x,) in a B-convex space contains a subsequence (z,))
such that (3.1) holds for each subsequence (y,) of (z,).

The alternate signs Banach-Saks property does not characterize B-convex
spaces since ¢, has it, as has been shown to us by Professor A. Peltzynski.

PROPOSITION 3.1. Let (x,) be a sequence of vectors in ¢y, X, =
ey, with x|l = sup; [xD1 <1 forall n. Then for each €>0 there
exists a subsequence (y,) of (x,) such that forall integers m

<2+e

(3.3)

m r m .
,~§ (= ¥yl = sup El (- 1)/+1yH

Hence (3.1) holds.

Proor. Choose € > 0. Since we can pass to subsequences and apply the
diagonal procedure, we may and do assume that lim,_, . x{) =g, exists for each
i and also that |x{) — g/ <27 "€ if |x{?|>27¥¢ for some k <n. Then,
for a subsequence (y,),

i

m m . .
Y (- ity > (- l)’“y,")l <2+g
j=] ]'=1

since for each i we can replace by a; each x,(,') for which there exists k <n
such that [x()| >27¥¢, and obtain

m . had .
) (- 1)’“yi(')|<e(; 2~") + 1xO1+ gl <2+e. O
l.—-

Note that reflexive spaces need not be alternate signs Banach-Saks: The
example in [1] is not alternate signs Banach-Saks.
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